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We investigate multipartite entanglement in rings of arbitrary spins with antiferromagnetic in-
teractions between nearest neighbors. In particular, we show that the non-degenerate ground state
of rings formed by an even number (N) of spins is N-partite entangled, and exchange energy can
thus be used as a multipartite-entanglement witness. We develop a general approach to compute
the energy minima corresponding to biseparable states, and provide numerical results for a repre-
sentative set of systems. Despite its global character, exchange energy also allows a spin-selective
characterization of entanglement. In particular, in the presence of a magnetic defect, one can derive
separability criteria for each individual spin, and use exchange energy for detecting entanglement
between this and all the other spins.
PACS numbers: 03.67.Bg,75.50.Xx,75.10.Jm
Entanglement is a peculiar feature of composite quan-
tum systems and has been recognized as a key resource
in many fields of quantum technology [1, 2]. In par-
ticular, the generation and detection of multipartite en-
tanglement (ME) has been recently obtained in diverse
physical systems [3–9]. Besides their fundamental inter-
est, multipartite entangled states have important appli-
cations in quantum computation [10, 11] and in quantum
metrology, where they allow one to reach high sensitivi-
ties, beyond the standard quantum limit [12–15]. More
generally, ME can also be found in the ground and ther-
mal states of prototypical many-body systems, such as
spin systems with isotropic, XY and noncollinear Ising
interactions [16–20].
A practical tool for detecting (multipartite) entangle-
ment is represented by entanglement witnesses [21, 22].
Such operators are defined such that their expectation
value can exceed a given threshold only in the pres-
ence of some specific form of entanglement [23–27]. As
the knowledge of the state is not required in this ap-
proach, entanglement witnesses are especially convenient
with condensed matter systems, where such knowledge
is in general unattainable, due to the large number of
degrees of freedom [28, 29]. In spin systems, routinely
measured thermodynamic quantities - such as the mag-
netic susceptibility [30], inelastic neutron scattering [31],
and exchange energy [32, 33] - correspond to witnesses
for spin-pair entanglement. Thus, the experimental de-
tection of entanglement is allowed even in systems where
local constituents cannot be locally addressed. Along the
same lines, spin squeezing inequalities allow the detection
of multipartite entanglement in the vicinity of specific
states, through the measurement of collective spin oper-
ators [34–37].
Exchange energy also represents a witness for block
[38] and multipartite entanglement [39, 40]. In particu-
lar, it was shown that the ground state of an even-N spin
chain, with nearest neighboring Heisenberg interactions,
cannot be written in any biseparable form, and is thus
N -partite entangled [41]. This general property allows
the use of exchange energy for the detection of N -partite
entanglement. Its presence can in fact be inferred from
any expectation value of the exchange Hamiltonian that
falls in the range between the ground state energy (E0)
and the lowest value achievable by a biseparable state
(Ebs). In the present paper, we show that such approach
can also be applied to spin rings. Besides their interest
as prototypical models of highly entangled quantum sys-
tems [42, 43], spin rings have found a large number of
physical implementations in molecular magnetism [44].
Amongst various rings of antiferromagnetically-coupled
transition-metal ions, a particular attention was devoted
in the last years to the more restricted class of Cr-based
systems [45]. Here, the ability of tailoring the physical
properties at the synthetic level also results in the possi-
bility of engineering the entanglement features [46–48].
In order to enable the detection of multipartite entan-
glement in molecular spin clusters, we develop a flexi-
ble approach, which applies to systems of arbitrary spin.
This allows us to compute the minimum energy attain-
able by a biseparable state (Ebs) in a variety of spin rings.
In particular, for any given partition of the ring in two
complementary subsystems (hereafter labeled A and B),
Ebs is found as a self-consistent solution of two spin-chain
Hamiltonians, one for each of the subsystems. The cou-
pling between the uncorrelated spins at the boundaries of
A and B is described in terms of an effective, local mag-
netic field. Even though the parameter space is signifi-
cantly larger than in the case of spin chains, we show that
it can be partially reduced on the basis of intuitive argu-
ments, whose validity is numerically verified in a number
of test cases. Finally, we show that the overall exchange
energy can be used in systems formed by inequivalent
spins (such as spin chains or rings with magnetic defects)
in order to detect the presence of entanglement between
each spin in the system and all the others. Therefore,
quite remarkably, a collective observable enables a spin-
selective investigation of entanglement in the system.
The paper is organized as follows. Section I is dedicated
to the use of exchange energy as a multipartite entan-
glement witness. We first demonstrate that the ground
state of an even-N spin ring is N -partite entangled (Sec.
I A). We then calculate the energy minima for biseparable
states, in the specific case of N = 8 and for different spin
lengths s = 1/2, 1, 3/2 (Sec. I B). In Sec. II we consider
inhomogeneous systems, where exchange energy can be
2used as a probe of local properties. We specifically re-
fer to a class of heterometallic molecular nanomagnets,
namely the Cr-based rings with different chemical sub-
stitutions.
I. ENERGY AS A WITNESS OF
MULTIPARTITE ENTANGLEMENT
In the present Section, we demonstrate that the ground
state |Ψ0〉 of an N -spin ring (for even N), with exchange
coupling between nearest neighbors, is N -partite entan-
gled. In other words, such ground state cannot be writ-
ten in any biseparable form |Ψ0〉 = |ΨA〉 ⊗ |ΨB〉, with A
and B any two complementary subsystems. This prop-
erty, along with the fact that the ground state is non-
degenerate, always allows the detection of multipartite
entanglement in these systems. In particular, the pres-
ence of such entanglement can be deduced from expec-
tation values of the exchange energy lower than given
thresholds. A general approach for numerically calculat-
ing such thresholds is derived in the second part of the
Section.
A. Multipartite entanglement in the ground state
of spin rings
Theorem. — The ground state |Ψ0〉 of the spin Hamil-
tonianH =
∑N
i=1 si·si+1, with evenN , cannot be written
in any biseparable form |Ψbs〉 = |ΨA〉⊗ |ΨB〉, and is thus
N -partite entangled.
Proof. — The first two steps of the demonstration,
which we recall hereafter for completeness, coincide with
the ones that apply to the spin chains [41]. According to
Marshall’s theorem, |Ψ0〉 is a non-degenerate S = 0 state
[49].
A biseparable state |Ψbs〉 can only be in a singlet
state (S = 0) if the same applies to each of the
subsystems A and B (SA = SB = 0). In fact, if
one writes |Ψχ〉 (χ = A,B) as a linear superposi-
tion of eigenstates of S2χ, |Ψχ〉 =
∑
Sχ
CχSχ |φ
χ
Sχ
〉, then
one can show that: 〈S2〉 ≥
∑
SA,SB
|CASAC
B
SB
|2[(SA −
SB)
2 + SA + SB] ≥
∑
SA,SB
|CASAC
B
SB
|2(SA + SB), being
〈φASA |SA|φ
A
SA
〉 · 〈φBSB |SB|φ
B
SB
〉 ≥ −SASB. As a conse-
quence, 〈S2〉 = 0 implies CASA = δSA,0 and C
B
SB
= δSB ,0.
As a final step, we prove that the state |ΨA〉 ⊗ |ΨB〉,
with SA = SB = 0, cannot be the ground state of H .
The relevant case is that where A consists of the NA
consecutive spins s1, s2, . . . , sNA , and B of the and NB =
N − NA spins sNA+1, sNA+2, . . . , sN . We write the spin
Hamiltonian of the ring as the sum of three terms: H =
HA + HB + HAB, where HA =
∑NA−1
i=1 si · si+1, HB =∑N−1
i=NA+1
si · si+1, and HAB = sNA · sNA+1 + sN · s1. In
the partial spin sum basis [50], the state of A reads:
|ΨA〉 =
∑
α,xA
Dα,xA,yA |α, xA, yA = s, SA = 0,MA = 0〉,
where α denotes the quantum numbers S1, . . . SNA−3
corresponding to the partial spin sums Sk ≡
∑k+1
i=2 sk,
whereas xA = SNA−2 and yA = SNA−1 correspond to
the partial spin sums SNA−2 ≡ SNA−3 + sNA−2 and
SNA−1 ≡ SNA−2 + s1; the last spin to be summed in
this coupling scheme is thus SNA = SA − SNA−1. The
equation SA = 0 implies that SNA−1 = s. The same
applies to the subsystem B, where the the spins at the
boundary are summed last, and the state is expressed as:
|ΨB〉 =
∑
β,xB
Dβ,xB,yB |β, xB , yB = s, SB = 0,MB = 0〉,
where β denotes the quantum numbers S1, . . . SNB−3 cor-
responding to the partial spin sums Sk ≡
∑NA+1+k
i=NA+2
sk,
whereas xB = SNB−2 and yB = SNB−1 correspond
to the partial spin sums SNB−2 ≡ SNB−3 + sN−2 and
SNB−1 ≡ SNB−2 + sN ; the last spin to be summed in
this coupling scheme is thus SNA+1 = SB − SNB−1.
In order to demonstrate that |ΨA〉 ⊗ |ΨB〉 cannot be
an eigenstate of H , we prove that H |Ψbs〉 has a finite
component |Ψ⊥bs〉 outside of the SA = SB = 0 subspace,
and thus orthogonal to |Ψbs〉 itself. We first show that
|Ψ⊥bs〉 ≡ |Ψ
⊥,1
bs 〉+ |Ψ
⊥,2
bs 〉 ≡ (sz,NAsz,NA+1+sz,Nsz,1)|Ψbs〉
is finite and belongs to the subspace SA/B = 1 and
MA/B = 0. We compute separately the two contributions
|Ψ⊥,1bs 〉 and |Ψ
⊥,2
bs 〉, starting from the first one. The oper-
ator sz,NA commutes with all S
2
k with k ≤ NA − 1. The
matrix elements of the NA−th spin can thus be reduced
to those between the states of two spins s: sz,NA |ΨA〉 =
−ηs
∑
α,xA
Dα,xA,s|α, xA, yA = s, SA = 1,MA = 0〉,
where ηs = [(
∑s
m=−sm
2)/(2s + 1)]1/2 > 0. The same
procedure is applied to B, resulting in: sz,NA+1|ΨB〉 =
−ηs
∑
β,xB
Dβ,xB,s|β, xB , yB = s, SB = 1,MB = 0〉.
Therefore,
|Ψ⊥,1bs 〉=η
2
s
∑
α,β,xA,xB
Dα,xA,sDβ,xB,s
|α, xA, yA=s, 1, 0〉 ⊗ |β, xB , yB=s, 1, 0〉. (1)
The evaluation of |Ψ⊥,2bs 〉 is less straightforward.
In order to simplify the calculation, we switch to
a basis where the two spins at the boundary of
each subsystem are summed in a reversed order with
respect to the above coupling scheme: |ΨA〉 =∑
α,xA
(−1)2s+xADα,xA,s|α, xA, y
′
A = s, SA = 0,MA =
0〉. Here, α and xA have the same meaning as above,
whereas y′A = S
′
NA−1
corresponds to the partial spin sum
S
′
NA−1
≡ SNA−2 + sNA ; the last spin of A to be summed
in this coupling scheme is thus s1. The sign factor in the
expression of |ΨA〉 comes from the scalar product:
〈xA, yA = s, SA = 0|xA, y
′
A, SA = 0〉 = δy′A,s(−1)
2s+xA .
The same applies to B: |ΨB〉 =∑
β,xB
(−1)2s+xBDβ,xB,s|β, xB , y
′
B = s, SB = 0,MB =
0〉, where β and xB have the same meaning as above,
whereas y′B = S
′
NB−1
corresponds to the partial spin
sum S′NB−1 ≡ SNB−2 + sNA+1; the last spin of B to be
summed in this coupling scheme is thus sN . In order to
verify that |Ψ⊥bs〉 has a finite norm, we express |Ψ
⊥,2
bs 〉
in the same basis as |Ψ⊥,1bs 〉 (Eq. 4). In particular, we
3need to estimate its component along the yA = yB = s
subspace, to which |Ψ⊥,1bs 〉 belongs. The scalar product
that allows to switch from one basis to the other within
the relevant subspace is:
〈xA, yA = s,SA = 1,MA|xA, y
′
A = s, SA = 1,MA〉 =
(−1)2s+1+xA
2s(s+ 1)− xA(xA + 1)
2s(s+ 1)
.
This results in the following expression:
|Ψ⊥bs〉yA=yB=s = η
2
s
∑
α,β,xA,xB
Dα,xA,sDβ,xB,sf(xA, xB)
|α, xA, yA = s, 1, 0〉 ⊗ |β, xB , yB = s, 1, 0〉. (2)
The factor f is given by the expression:
f(xA, xB) = 1 +
∏
x=xA,xB
(−1)x
[
1−
x(x + 1)
2s(s+ 1)
]
, (3)
where the first, constant term comes from |Ψ⊥,1bs 〉 (see
Eq. 4). In order to show that |Ψ⊥bs〉 has a finite norm, it
suffices to show that this is the case for its projection in
the yA = yB = s subspace. We note that at least one of
the products Dα,xA,sDβ,xB,s has to be finite, otherwise
the norm of |Ψbs〉 would vanish. Besides, one can show
that for all the relevant values of xA and xB , namely
0 ≤ xA, xB ≤ 2s, the function f(xA, xB) is non-zero, i.e.
the second term in Eq. 9 differs from −1. In fact, for
xA = xB = 0 the terms in square brackets reduce to
1, and f = 2. For all the other values of (xA, xB), the
modulus of the second term in f is smaller than 1, and
thus f 6= 0. This implies that |Ψ⊥bs〉yA=yB=s, and thus
|Ψ⊥bs〉, has a finite norm.
The rest of the demonstration proceeds as in the case
of the spin chain. One can show that |Ψ⊥bs〉 coincides
with the component of H |Ψbs〉 with SA = SB = 1 and
MA = MB = 0. In fact, (HA + HB)|Ψbs〉 belongs to
the SA = SB = 0 subspace, being [Hχ,S
2
χ′ ] = 0 for
χ, χ′ = A,B. The states (s+,NAs−,NA+1+s+,1s−,N)|Ψbs〉
and (s−,NAs+,NA+1 + s−,1s+,N)|Ψbs〉 belong instead to
the subspaces MA = −MB = +1 and MA = −MB =
−1, respectively. As a consequence, H |Ψbs〉 has a finite
component |Ψ⊥bs〉, and thus cannot be an eigenstate of H .

B. Energy minima for biseparable states
In systems formed by N exchange-coupled spins, H =∑N−1
i=1 si · si+1, energy allows the detection of genuine
multipartite entanglement [41]. This can be done by de-
riving the energy minimum Ebs for biseparable states,
|Ψbs〉 = |ΨA〉⊗|ΨB〉, where A and B are two subsystems
into which the chain is partitioned. Here, any state |Ψ〉
that violates the inequality:
〈Ψ|H |Ψ〉 ≥ Ebs, (4)
is N -partite entangled. The first step in the derivation
of the above minimum, is the calculation of the mini-
mum Ebs(NA, NB) corresponding to each given biparti-
tion, where NA (NB = N−NA) is the number of consec-
utive spins that form the subsystem A (B). The lower
bound in Eq. 4 is the lowest such minima:
Ebs = min
NA,NB
Ebs(NA, NB). (5)
For any given value of NA, the Hamiltonian can be
written as H = HA +HB +HAB, where:
HA =
NA−1∑
i=1
si · si+1, HB =
N−1∑
i=NA+1
si · si+1 (6)
HAB = sNA · sNA+1. (7)
The corresponding expectation value for a factorized
state |Ψbs〉 = |ΨA〉 ⊗ |ΨB〉 reads:
〈Ψbs|H |Ψbs〉 = 〈ΨA|HA|ΨA〉+ 〈ΨB|HB|ΨB〉
+ 〈ΨA|sNA |ΨA〉 · 〈ΨB|sNA+1|ΨB〉. (8)
It can be shown that the minimum Ebs(NA, NB) corre-
sponds to the case where the expectation values of sNA
and sNA+1 are antiparallel to each other [41]. This sim-
plifies the search of the minimum as the (lowest) self-
consistent solution of the two coupled eigenvalue prob-
lems, related to the Hamiltonians:
H˜A(zB)=HA+zBsz,NA , H˜B(zA)=HB+zAsz,NA+1, (9)
where zA ≡ 〈sz,NA〉 and zB ≡ 〈sz,NA+1〉 are the expec-
tation values corresponding to the ground states of H˜A
and H˜B, respectively [41].
Hereafter, we apply the same procedure to the case
of N exchange-coupled spin rings, H =
∑N
i=1 si · si+1
(with sN+1 ≡ s1). Unlike the case of spin chains, the
subsystems A and B are coupled to each other through
two spin pairs. Therefore, while Eq. 6 applies to the
present case as is, Eq. 7 is replaced by:
HAB = sNA · sNA+1 + sN · s1. (10)
The two coupled Hamiltonians in Eq. 9 are correspond-
ingly replaced by:
H˜A(zB , z
′
B) = HA + zB · sNA + z
′
B · s1
H˜B(zA, z
′
A) = HB + zA · sNA+1 + z
′
A · sN , (11)
where zA ≡ 〈sNA〉 and z
′
A ≡ 〈s1〉 are the expecta-
tion values obtained from the ground state of H˜A, while
zB ≡ 〈sNA+1〉 and z
′
B ≡ 〈sN 〉 are derived from the
ground state of and H˜B.
Intuition suggests that the minimum Ebs(NA, NB) is
achieved for states |ΨA〉 and |ΨB〉 that fulfill the follow-
ing conditions: z′A = (−1)
NA+1zA, z
′
B = (−1)
NB+1zB ,
and such that zA and zB (z
′
A and z
′
B) are antiparallel to
each other. More generally, the relevant self-consistent
solutions of Eq. 11 can be assumed to fulfil the condi-
tions:
z
′
A = ηzA, z
′
B = ηzB (η = ±1). (12)
This allows one to reduce the dimensionality of the pa-
rameter space where to seek self-consistent solutions.
In particular, the set of relevant parameters reduces to
zA = |zA| = |z
′
A|, zB = |zB | = |z
′
B|.
4FIG. 1: (color online) (a,b) Relative angle between the bound-
ary spins (θ¯A) as a function of that between the local fields
(θB), in a 3- and 4-qubit chains. Different symbols refer to dif-
ferent values of the difference in modulus between the fields:
ZB = 0 (dots), 0.25 (squares), and 0.45 (triangles). All the
results correspond to |zB | = 1/2, that maximize (minimize)
θ¯A for NA = 3 (NA = 4), and for any given value of ZB .
(c,d) Difference between the moduli of the boundary spins of
A (Z¯A), as a function of ZB , for relative angles θ¯A = 0 and
θ¯A = pi (NA = 3 and NA = 4, respectively). Different sym-
bols correspond to different values of the moduli: |zB | = 0.5
(dots), 0.25 (squares), and 0.05 (triangles).
1. Comparison with not (anti)symmetric subsystem
boundary conditions
In order to support the above conjecture, we consider,
in a number of prototypical spin systems, states that
don’t fulfil the conditions reported in Eq. 12. In this
case, the boundary spins of each subsystem differ from
one another either in modulus:
Zα ≡ ||zα| − |z
′
α|| > 0, (13)
or in orientation:
cos θα ≡
zα · z
′
α
|zα||z′α|
6= (−1)Nα+1, (14)
or in both respects (with α = A,B).
Within an iterative procedure, given the expectation
values of sNA+1 and sN (zB and z
′
B), one can compute
the ground state |ΨA〉 of H˜A, and label the correspond-
ing expectation values of the boundary spins z¯A and
z¯
′
A. Analogously, the expectation values derived from
the ground state |ΨB〉 of H˜B(z¯A, z¯
′
A) are labeled z¯B and
z¯
′
B . In summary:
(zB , z
′
B)
H˜A−→ (z¯A, z¯
′
A)
H˜B−→ (z¯B , z¯
′
B). (15)
If |ΨA〉 ⊗ |ΨB〉 coincides with a self-consistent solution,
then z¯B = zB and z¯
′
B = z
′
B. Correspondingly, Z¯B = ZB
and θ¯B = θB. Our purpose is to show that the above
conditions are not fulfilled by states |ΨA〉 ⊗ |ΨB〉 that
violate Eq. 12.
Let’s start by considering the case where the N -spin
ring is partitioned into two odd-numbered spin segments
A and B. Here, the above statement follows from the
fact that the angle between the expectation values of the
boundary spins tends to be smaller than that between
the spins with which they interact. As a consequence,
for any finite value of θB, one has that:
θB > θ¯A > θ¯B ⇒ θ¯B 6= θB. (16)
This is shown in Fig. 1(a), for the case of a three-spin
segment, formed by 1/2 spins. The value of θ¯A − θB de-
pends on the initial difference between the moduli of the
boundary spins (ZB), and tends to increase with increas-
ing ZB. However, in all the considered cases, the only
exception to the case θ¯A < θB is found for parallel spins
(θ¯A = θB = 0). Within such states, we note that the
difference in moduli systematically decreases (Fig. 1(c)),
which implies, for all finite values of ZB:
ZB > Z¯A > Z¯B ⇒ Z¯B 6= ZB. (17)
Therefore, the possibility of a self-consistent solution im-
plies the condition Z¯A = ZB = 0, as conjectured in Eq.
12.
In the case where the N -spin ring is partitioned into
two even-numbered spin segments, the angle between the
expectation values of the boundary spins tends to be
larger than that between the spins with which they in-
teract. As a consequence,
θB < θ¯A < θ¯B ⇒ θ¯B 6= θB. (18)
This is shown in Fig. 1(c), for the case of a segment
formed by four s = 1/2 spins. Also in this case, the
value of θ¯B−θA depends monotonically on the initial dif-
ference between the moduli of the boundary spins (ZB).
The exceptions to the case θ¯A > θB are found both for
parallel and antiparallel spins (θ¯A = θB = 0, pi). In the
latter case (Fig. 1(d)), the inequalities Eq. 17 only ad-
mit the exception Z¯B = ZB = 0. A similar behavior is
found in the former case (not shown). Also for partitions
in even-numbered spin segments, self-consistent solution
thus require the condition Eq. 12.
These features persist for different lengths of the chains
(Fig. 2 (a)). Irrespective of the initial difference in
moduli (ZB), parallel-oriented boundary spins (θB = 0)
are the ones that can allow a self-consistent solution
(θ¯A = θB) in the case of odd-numbered chains. Within
the considered even-numbered chains, both the parallel
and - with the exception of the 2-qubit subsystem - an-
tiparallel orientations can allow a self-consistent solution.
We note that, for any initial condition (zB , z
′
B), the dif-
ference between θB and θ¯A tends to decrease with in-
creasing number of spins. In all the considered cases,
only equal moduli (ZB = 0) and antiparallel orientations
(θB = pi) provide a self-consistent solution of Eq. 11.
We finally consider the dependence on the length of the
spins (Fig. 2 (b)). The main features of even-numbered
5qubit chains are preserved when s > 1/2. Odd-numbered
chains present instead a different behavior for integer and
half-integer spins: in the former case, only parallel orien-
tations of the boundary spins can allow a self-consistent
solution, whereas in the latter case we find also θB = pi.
In all cases, the condition ZB = 0 is required.
2. Energy minima for biseparable states
Having shown that the search of a self consistent so-
lution can be restricted to boundary spins having the
same modulus, and parallel or antiparallel orientation, we
now seek the energy minima corresponding to biseparable
states. In particular, we consider different bipartitions of
a ring formed by N = 8 spins s, with s = 1/2, 1, 3/2.
The corresponding energy minima are displayed in Fig.
3. As in the spin chain [41], the overall energy minimum
FIG. 2: (color online) (a) Relative angle of the boundary
spins of A (θ¯A) as a function of θB for different lengths NA of
the qubit chain. Green corresponds to odd-numbered chains
(NA = 2n + 1), while violet refers to even-numbered ones
(NA = 2n). Different symbols correspond to different values
of n: 1 (dots), 2 (squares), 3 (triangles). (b) Angle θ¯A as a
function of θB, for chains formed by spins s > 1/2. Red and
blue correspond to 4- and 3-spin chains, respectively. Dif-
ferent symbols correspond to different spin lengths: s = 1/2
(dots), 1 (squares), 3/2 (triangles). All the reported values
are obtained for |zB | = s and ZB = 0, which maximize (min-
imize) θ¯A, for each given value of θB .
is achieved within the partition (NA, NB) = (2, 6) for
the qubit case. For s > 1/2, instead, it corresponds to
(NA, NB) = (1, 7). We also note that, in the qubit ring,
the minima Ebs(NA, NB) with even values of NA and NB
correspond to states with 〈HA,B〉 = 0, i.e. with vanish-
ing expectation values of the edge spins s1, sNA , sNA+1,
and sN . In all the other cases (s > 1/2), 〈HA,B〉 < 0 for
the lowest-energy biseparable states.
II. ENERGY AS A WITNESS OF
ENTANGLEMENT BETWEEN EACH SPIN AND
REST OF THE RING
The rings considered so far are all formed by equiv-
alent spins. Such equivalence breaks down if a mag-
netic defect (sM 6= s) is introduced in the ring, as is
the case with heterometallic wheels. The spin chain can
FIG. 3: (color online) Values of the energy minima
Ebs(NA, NB) calculated for the different bipartitions of the
N = 8 spin ring, and for spin length s = 1/2, 1, 3/2.
also be regarded as a particular example of this class of
systems, corresponding to the case where the defect is
spinless (sM = 0). Here, the expectation value of the
exchange Hamiltonian averages over inequivalent contri-
butions, and cannot provide information on the entan-
glement properties of each specific pair. The local access
to single exchange operators is thus required in order to
selectively detect entanglement between each given spin
pair [47].
Hereafter we show that, in spite of its nonlocal char-
acter, the witness H allows the selective detection of en-
tanglement between each (inequivalent) spin and all the
others. To this aim, we derive energy minima
Ekbs ≡ E
k
bs(NA = 1, NB = N − 1) (19)
corresponding to the absence of entanglement between
any given spin sk and the rest of the system. The min-
imum Ekbs thus refers to a particular bipartition of the
system, where the subsystem A is formed uniquely by
the k−th spin. Its value coincides with the ground state
energy of
H˜B(zA = sk) = HB + sk(sz,k−1 + sz,k+1) (20)
(where HB is given by Eq. 6), which corresponds to the
Hamiltonian of an open spin chain with a magnetic field
sk locally applied at the edge spins. The above value of
zA results from the ground state of H˜A = sz,k(zB + z
′
B),
which trivially corresponds to mk = sk, if the orientation
of zˆ is defined such that zB + z
′
B < 0.
In the following, we apply the above approach to a class
of spin models, whose physical implementation is repre-
sented by the series of Cr7Mmolecular nanomagnets [51].
In these molecular spin clusters, the magnetic defect is
represented by the metal M , which replaces one of the
eight Cr ions in the parent Cr8 molecule. In particular,
the chemical substitutions are: M = Zn, Cu, Ni, Cr, Fe,
and Mn. These ions carry spins: sM = 0, 1/2, 1, 3/2, 2,
and 5/2, respectively. In all these nanomagnets, the dom-
inant part of the spin Hamiltonian, to which we shall
limit ourselves hereafter, is represented by isotropic ex-
change. Besides, the values of the exchange couplings
are substantially identical for all the spin pairs, indepen-
dently from the particular chemical substitution.
6FIG. 4: (color online) Energetic cost Ekbs − E0 of disentan-
gling the k−th spin from the remaining ones, for the different
molecules of the Cr7M series. The position of the substituted
ion corresponds to k = 5.
The values of the minima Ekbs for the different
molecules, referred to the respective ground state ener-
gies E0, are reported in Fig. 4. The quantity E
k
bs − E0
can be interpreted as the minimum energy required to
disentangle the k−th ion from the rest of the system,
starting from its ground state. While such energetic cost
is independent on the position of the spin in the Cr8
case (black squares), it becomes spatially modulated as
a result of the chemical substitution. The dependence
of Ekbs − E0 on the spin defect sM is maximum for the
substituted spin (k = 5) and for the neighboring ones
(k = 4, 6). In particular, the value of E5bs − E0 increases
monotonically with the length of the spin defect, and so
does the gap corresponding to the disentangling of its
neighboring spins.
For the systems with sM < sCr = 3/2, an expecta-
tion value of the exchange Hamiltonian that fulfills the
inequality 〈H〉 < mink{E
k
bs} = E
5
bs implies that each of
the spins is entangled with the rest of the system. Ex-
pectation values such that E5bs ≤ 〈H〉 < E
4
bs = E
6
bs allow
one to draw the same conclusion for all the spins but s5.
Analogously, larger and larger values of energy provide
information on fewer and fewer spins, until no conclusion
can be drawn for 〈H〉 ≥ maxk{E
k
bs}. For the systems
with sM > sCr = 3/2, the ordering of the thresholds E
k
bs
is approximately inverted, such that the presence of en-
tanglement between sM and the rest of the spins can be
detected in the largest energy and temperature ranges.
III. CONCLUSIONS
In conclusion, we have proved that the ground state
of an N -spin ring, with antiferromagnetic exchange be-
tween nearest neighbors, is characterized by N -partite
entanglement, and that such property is also present in
the low-temperature equilibrium state. We have devel-
oped a general approach for deriving energy minima cor-
responding to biseparable states. These allows one to
derive inequalities, whose violation enables the detection
of multipartite entanglement. Along the same lines, we
have shown that exchange energy can be used to infer the
presence of entanglement between individual spins and
the rest of the system. The related energy minima have
been derived for a class of heterometallic, ring-shaped
molecular nanomagnets.
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